A unitary equivalence class of endomorphisms of a unital C * -algebra A is called a sector of A. We introduced permutative endomorphisms of the Cuntz algebra O N in the previous work. Branching laws of permutative representations of O N by them are computed by directed regular graphs. In this article, we classify sectors associated with permutative endomorphisms of O N by their graph invariants concretely.
Introduction
Super selection sectors play important role in not only local quantum physics ( [6, 7] ) but also operator algebras ( [8] ). A sector in the theory of operator algebras is defined as a unitary equivalence class of a unital C * -algebra. Special sectors are classified by the statistical dimension, which is an additive, positive integer-valued invariant of sectors. we introduced endomorphisms of the Cuntz algebra O N as follows: Let S N,l be the set of all bijections on the set {1, . . . , N } l . For σ ∈ S N,l , let ψ σ be the endomorphism of O N defined by ψ σ (s i ) ≡ u σ s i (i = 1, . . . , N ) (1.1)
where u σ ≡ J∈{1,...,N } l s σ(J) (s J ) * and s J ≡ s j 1 · · · s j l for J = (j 1 , . . . , j l ). ψ σ is called the l-th order permutative endomorphism of O N by σ ( §6-1 [2] ). Such endomorphism is concrete and naive but, it is unknown whether it satisfies ingredients to define the statistical dimension or not. For example, we show two endomorphisms ρ 1 , ρ 2 of O 3 as follows: where s ij,k ≡ s i s j s * k for i, j, k = 1, 2, 3. N.Nakanishi found ρ 1 by trial and error. By generalizing ρ 1 , we obtain ψ σ in (1.1). Question. Whether are ρ 1 and ρ 2 unitarily equivalent or not? Branching laws of permutative representations of O N by permutative endomorphisms are computed by directed regular graph ( [10] ). Since such branching laws are invariant up to unitary equivalence of endomorphisms, we can classify sectors by their branching laws. In this article, we introduce invariants of sectors of O N in order to classify sectors more easily than computing branching laws directly.
and non negative real-valued numbers
In [9] , we classify elements in {ψ σ : σ ∈ S 2,2 } completely by computing branching laws for every ψ σ . However, it is not good to compute branching laws for every element in {ψ σ : σ ∈ S 3,2 } because #S 3,2 = 9! . = 3.6 × 10 5 . By Theorem 1.1, we obtain a classification of this case. 
By using Theorem 1.2, we answer the previous question. Since ρ 1 = ψ σ and ρ 2 = ψ η for permutations σ, η ∈ S 3,2 defined by graphs g σ and g η are given as follows:
In §2, we show an algorithm to compute branching laws of permutative representations by permutative endomorphisms. In §3, we introduce a new index for more general sectors. We show formulae among graph invariants and such indices. By these formulae, we prove Theorem 1.1. In §4, we show examples. We classify ψ σ for σ ∈ S N,l when (N, l) = (2, 2), (2, 3), (3, 2) . We prove Theorem 1.2 in §4.2 by illustrating all of 16 graphs.
Automaton computing of branching laws
For N ≥ 2, let O N be the Cuntz algebra ( [4] ), that is, the C * -algebra which is universally generated by s 1 , . . . , s N satisfying s * i s j = δ ij I for i, j = 1, . . . , N and s 1 s * 1 + · · · + s N s * N = I. In this article, any representation and endomorphism are assumed unital and * -preserving. Two endomorphisms ρ and ρ
is an orthogonal family. Such representation exists uniquely up to unitary equivalence. Hence the symbol P (J) makes sense as an equivalence class of representations. P (J) is equivalent to a cyclic permutative representation of O N with a cycle in [3, 5] .
Concrete several branching laws by ψ σ are given in [9] . According to [10] , we show an algorithm to seek J 1 , . . . , J m in (2.1) for J by reducing problem to a semi-Mealy machine as an input (= J) and outputs (= J 1 , . . . , J m ). A semi-Mealy machine is a data (Q, Σ, ∆, δ, λ) which consists of nonempty finite sets Q, Σ, ∆ and two maps δ from Q×Σ * to Q, λ from Q × Σ * to ∆ * where Σ * and ∆ * are free semigroups generated by Σ and ∆, respectively and δ(q, wa) ≡ δ(δ(q, w), a) and λ(q, wa) ≡ λ(q, w)λ(δ(q, w), a) for q ∈ Q, w ∈ Σ * and a ∈ Σ. For symbols a 1 , . . . , a N , b 1 
is a directed graph with labeled edges which has a set Q of vertices and a set E ≡ {(q, δ(q, a), a) ∈ Q × Q × Σ : q ∈ Q, a ∈ Σ} of directed edges with labels. The meaning of (q, δ(q, a), a) is an edge from q to δ(q, a) with a label a/λ(q, a) for a ∈ Σ:
with N l−1 vertices, N outgoing edges and N incoming edges when we forget labels of
Then R J is the set of all cycles in Q by the input word x and R J = ∅. 3 Cyclic index of endomorphism
Especially, any element in {1, . . . , N } is minimal. Let EndO N be the set of all unital * -endomorphisms of O N . For ρ ∈ EndO N , assume that
For such ρ, define a non negative integer c k (ρ) by the sum of multiplicities
where X N,k is the set of all minimal elements in {1, . . . , N } * 1 . If ρ satisfies (3.1), then m(J|ρ|J ′ )'s are uniquely determined because the l.h.s of the branching law in (3.1) is also a permutative representation. Hence c k (ρ) is well-defined. For example, any permutative endomorphism ρ satisfies (3.1) and c k (ρ) < ∞ for each k ≥ 1. We call c k (ρ) by the k-th cyclic index of ρ. Because branching laws are preserved by unitary equivalence, if ρ and ρ ′ satisfy (3.1) and
is the sector of O N with the representative ρ. We see that c k is well-defined on
is well-defined and [
satisfies the associative law ( [11] ). We simply denote
. This implies the statement.
In consequence, c k is an additive invariant of sectors for each k ≥ 1.
For a directed finite graph g with the set V = {v i } m i=1 of vertices, A = (a ij ) is the adjacency matrix of g if a ij is the number of edges from
are directed edges of g. In this article, we do not assume that 
Define c k (g) by the total number of all k-cycles in g. For example, c 1 (g) is the total number of all 1-cycles, that is, the number of edges which starts a vertex v and returns v again. c 2 (g) is the total number of all 2-cycles, that is, the number of paths with length 2 which starts a vertex v and returns v again. For the adjacency matrix A of a directed graph g, the following holds: 
Example
For ψ σ in (1.1), define
We show classifications of elements of E 2,2 , E 3,2 and E 2,3 . Let g N,l be the set of all directed graphs which is isomorphic to the Mealy diagram associated with σ ∈ S N,l . Then g N,l coincides with the set of all directed regular graphs with N l−1 vertices, N outgoing edges and N incoming edges.
, In order to classify elements in E N,l , we list up graphs in g N,l at each subsection. For σ ∈ S N,2 ,
for i, j = 1, . . . , N . In [9] , we have more explicit results as follows: The number of unitary equivalence classes of elements in E 2,2 is 16. G 2 ≡ AutO 2 ∩E 2,2 is a subgroup of the automorphism group AutO 2 of O 2 which is isomorphic to the Klein's four-group. G 2 consists of two outer and two inner automorphisms. E 2,2 \G 2 consists of 10 irreducible and 10 reducible endomorphisms. The numbers of equivalence classes are 5 and 9, respectively.
E
Their application for fermion algebra is given by [1, 2] . These results are given by computing branching laws of every endomorphism concretely. Such method is possible because #E 2,2 = 24. However this is not effective when one of N, k is greater than equal 3 because #E N,k is too large to compute every branching laws.
E 3,2
In order to classify E 3,2 , we list up Mealy diagrams for every elements in
At the beginning, we show the example ρ 1 in §1. By the rule of drawing in §2, the Mealy diagram is given as follows ( [9] ):
By Theorem 2.2 and this diagram, we obtain branching laws by ρ 1 : input cycles outputs branching law
For general case, the Mealy diagram is a directed regular graphs with 3 vertices, 3 incoming edges and 3 outgoing edges. We classify such graphs. The adjacency matrix A = (a ij ) 3 i,j=1 is a 3 × 3-matrix with value 0, 1, 2, 3. By regularity, 3 i=1 a ij = 3 i=1 a ji = 3. Let a ≡ a 11 , b ≡ a 22 , c ≡ a 33 . We assume that 3 ≥ a ≥ b ≥ c ≥ 0 by permutation of q 1 , q 2 , q 3 . We see that the possibilities of (a, b, c) are (3, 3, 3), (3, 2, 2), (3, 1, 1), (3, 0, 0), (2, 2, 2),   (2, 2, 1), (2, 1, 1), (2, 1, 0), (2, 0, 0), (1, 1, 1), (1, 1, 0), (1, 0, 0), (0, 0, 0) . g 3,2 consists of 16 directed graphs as follows: Table I . Table I , there are 216 kinds of configuration of output labels on edges. For the Mealy diagrams associated with E 3,2 , we have the following: 
E 2,3
For σ ∈ S 2,3 , M σ = ({q 11 , q 12 , q 21 , q 22 }, {a 1 , a 2 }, {b 1 , b 2 }, δ, λ), δ(q J , a i ) = q (σ −1 ) 2,3 (J,i) , λ(q J , a i ) = b (σ −1 ) 1 (J,i) for J ∈ {1, 2} 2 , i = 1, 2. The graph is a regular directed graph with 4 vertices, 2 outgoing edges and 2 incoming where the direction of each graph without arrows is unique. For each graph
